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Abstract
Some criteria of the non-simplicity of a finite group by graph theoretical terms are derived. This is
then used to establish conditions under which a finite group is soluble.
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1. Introduction
Let G be a finite group and π(G) = {p1,p2, . . . , pk} the set of all prime divisors
of its order. The Gruenberg–Kegel graph Γ (G) of G consists of the set of vertices
V = V (Γ ) = {p1,p2, . . . , pk} and the set E(Γ ) of edges (p, q) ∈ V × V such that there
is an element of order pq in G. The connected components of this graph were determined
for all finite simple groups by Williams [17] and Kondrat’ev [11] (see also [7]). One of the
first applications of this was the classification of all composition factors of a finite group
which is the product of two of its soluble subgroups in Kazarin [9].
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and Iiyory [1]. The set of vertices of Γsol(G) is as above, but two vertices p and q are
joined by an edge if and only if G contains a soluble subgroup whose order is divisible
by pq . Clearly Γ (G) is a subgraph of Γsol(G) and each soluble group G has a complete
graph Γsol(G).
The aim of this paper is to show some new properties of the graph Γsol(G) for a simple
group G and to use these for further applications in finite groups.
It was proved in [8] that for a non-abelian finite simple group G the subgraph of Γsol(G)
on all vertices in π(G) \ {2} is complete if and only if G is isomorphic to the group L2(q)
for a Mersenne prime q , or to U3(3) or L3(3). This may be generalized as follows.
Theorem 1.1. Let G be a non-abelian finite simple group. If the subgraph of the graph
Γsol(G) on the vertices π(G) \ {2,3} is complete, then G is isomorphic to one of the
following groups:
L2(9), L2(q) for some prime power q with π(q + 1) ⊆ {2,3}, L3(3), U3(3),
U4(2), M11, M12.
In the proof of our theorems we will use the classification of finite simple groups. In the
case of an exceptional group of Lie type we will use results of [1], whereas for classical
groups we apply some facts about soluble subgroups of these groups containing an element
of prime order for some specially chosen prime.
As an immediate consequence of Theorem 1.1 we obtain the following result. A Sylow
set Σ(G) of a finite group G is a set of Sylow subgroups, one for each prime divisor of the
order of G.
Theorem 1.2. Let G be a finite group with a Sylow set Σ(G). If for every pair of Sylow
subgroups P,Q ∈ Σ(G) the subgroup H = 〈x, y〉 is soluble for each x ∈ P , y ∈ Q, then
G is soluble. Moreover, if the subgroup H = 〈x, y〉 is supersoluble for each x ∈ P , y ∈ Q,
then G has a Sylow tower.
The center Z(Γsol(G)) of the graph Γsol(G) is the set of vertices p ∈ π(G) such that p
is joined in Γsol(G) with every vertex s ∈ π(G). A similar concept was introduced in [2],
where the set Z(Γsol(G)) is called the regular set of the graph Γsol(G).
We obtain the following non-simplicity criterion.
Theorem 1.3. Let G be a finite group and p be the largest prime divisor of the order of G.
If p ∈ Z(Γsol(G)), then G is not non-abelian simple group.
As an application of Theorem 1.3 we note
Theorem 1.4. Let G be a finite group and p the largest prime divisor of the order of G. If
for every subgroup T of G of order p there exists a Sylow set Σ(G,T ) such that PT = T P
for each P ∈ Σ(G,T ), then the minimal normal subgroups of G are p-soluble.
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Theorem 1.5. Let G = AB be a finite group where A and B are subgroups of G such that
p ∈ π(Z(Γsol(A))) ∩ π(Z(Γsol(B))) where p is the largest prime divisor of the order of
G, then G is not a non-abelian simple group.
The class of groups G satisfying the conditions p ∈ Z(Γsol(G)) is very large. By [1] the
center Z(Γsol(G)) = ∅ only if G is a non-abelian simple group. On the other hand, a group
G which has a soluble normal subgroup whose order is divisible by the prime p and all
finite groups having a normal subgroup of index p have the vertex p in the center of their
graphs. The largest prime divisor of the order of group G is also in the center of its graph
Γsol(G) provided that G has at least two composition factors whose orders are divisible
by p.
Our group-theoretical and graph theoretical notation is standard. The notation concern-
ing finite simple groups and especially for simple groups of Lie type can be found in [12].
In the sequel p is always a prime.
2. Soluble classical groups whose order is divisible by a certain large prime
Let V be a vector space of dimension n over a finite field F , and let ( , ) denote a map
from V × V to F . Following [12], we distinguish four cases:
Case L: ( , ) is trivial, i.e., (u, v) = 0 for all u,v ∈ V .
Case Sp: (u, v) is a symplectic bilinear form, so that (u, v) = −(v,u) for all u,v ∈ V .
Case O: (u, v) is a non-singular symmetric bilinear form, and there is a quadratic form
Q : V → F which has ( , ) as its associated bilinear form, i.e., (u, v) = (v,u) for all
u,v ∈ V and Q(u+ v) = Q(u)+Q(v)+ (u, v) for all u,v ∈ V .
Case U : (u, v) is an unitary form, so that (u, v) = (v,u) for all u,v ∈ V . Here the field F
has an involutory automorphism α → α¯.
In each of the cases L–O we have F = GF(q) but in case U we have F = GF(q2),
q = pm, where p is a prime.
Let N be a non-abelian classical simple group over the field F . As in [12] we distinguish
the following subcases, containing all classical finite simple groups:
Case (L): N = PSL(n, q) = Ln(q), n 2 and p > 3 if n = 2.
Case (U ): N = PSU(n, q2) = Un(q), n 3 and (p,n) 	= (2,3).
Case (Sp): N = PSp(2n,q) = PSp2n, (p,n) 	= (2,2) and n 2.
Case (O1): N = PΩ−(2n,q) = PΩ−2n(q) and n 4.
Case (O2): N = PΩ(2n+ 1, q) = PΩ2n+1(q), q is odd and n 3.
Case (O3): N = PΩ+(2n+ 2, q) = PΩ+ (q), n 3.2n+2
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to the pair {p,n} if r divides pn − 1 but r does not divide pe − 1 for every integer e such
that 1 e < n.
The following lemma of Zsigmondy [18] is very useful for our further considerations.
Lemma 2.1. Let n be a positive integer and p a prime.
(1) If N = pn − 1, n  2, then there exists a prime r primitive with respect to the pair
{p,n} unless n = 2 and p is a Mersenne prime or {p,n} = {2,6}.
(2) If the prime r is primitive with respect to the pair {p,n}, then r − 1 ≡ 0 (mod n). In
particular, r  n+ 1.
The proof of the following lemma can be found in [16].
Lemma 2.2. Let n be an integer. If n 18, then there are at least two primes r , s such that
n/2 < s < r  n.
The next lemma is contained in [13].
Lemma 2.3. Let H be a soluble subgroup with odd order of a group GL(n, q), where q is
a power of prime. If (|H |, q) = 1, then |H | q2n/2.
The following result concerning the structure of maximal soluble subgroups of the gen-
eral linear group is due to D.A. Suprunenko [15].
Lemma 2.4. Let H be a maximal soluble subgroup of the group L = GL(n, q), where q is
a power of the prime p. Then one of the following assertions holds:
(1) H is a reducible subgroup of L;
(2) H is a subgroup of the wreath product K  S, where K is a primitive maximal soluble
subgroup of a group GL(k, q), S is a transitive soluble subgroup of the symmetric
group Sm of degree m> 1 and n = mk;
(3) there exists the chain 1 ⊆ F ⊆ A ⊆ V ⊆ H of normal subgroups in H with the follow-
ing properties:
(a) F is a cyclic group of order qk − 1;
(b) A/F is an abelian group of order n2k−2 (where k | n) with elementary abelian
Sylow s-subgroups for each prime s ∈ π(A/F) and π(A/F) ⊆ π(qk − 1);
(c) V/AAut(A/F). Moreover, if nk−1 = rm11 rm22 · · · rmll is the canonical decompo-
sition of the number nk−1, then V/A is isomorphic to a soluble subgroup of the
direct product of l groups isomorphic to Sp(2mi, ri).
(d) |H/V | k;
(4) H  K ⊗ S where K is a maximal soluble subgroup of GL(k, q), S is a maximal
soluble subgroup of GL(s, q) and sk = n.
Proof. See [15, Sections 18–21].
62 B. Amberg et al. / Journal of Algebra 285 (2005) 58–72Case (2) of Lemma 2.4 corresponds to an imprimitive maximal soluble subgroup of the
group GL(n, q). 
Lemma 2.5. Let n 2, q = pm and r be a primitive prime with respect to the pair {p,nm}.
If H is a maximal soluble subgroup of a group L = GL(n, q) whose order is divisible by r ,
then one of the following holds:
(1) |H | = n(qn − 1);
(2) |H | divides 2n2(n+ 1)(q − 1)l, where n = 2l , r = n+ 1 and p = q is a prime.
Proof. By Lemma 2.4 and the choice of the number r , the maximal soluble subgroup H
of L is either imprimitive irreducible or primitive irreducible.
In the imprimitive case H is a subgroup of the wreath product K S, where K is a prim-
itive maximal soluble subgroup of a group GL(k, q) and S is a transitive soluble subgroup
of a symmetric group Sm of degree m > 1 and n = mk. It follows from Lemma 2.1 that
n < r , hence k > 1. Therefore r does not divide the order of K neither that of S. Thus this
case does not occur.
By case (3) of Lemma 2.4, the group H has a chain of normal subgroups 1 F A
V H with the properties as in Lemma 2.4.
Since k  n < r , the prime r either divides |V/A| or r divides qk − 1. In the second
case it follows by [15, Theorem 21.1], that n = k and |H | = n(qn − 1).
Hence we may suppose that r divides |V/A|. By (c), the largest prime divisor of this
number divides s2l − 1 = (sl − 1)(sl + 1) where sl is a divisor of nk−1. By Lemma 2.1,
we have r  nm + 1 sl + 1. Hence k = 1, q = p and n = sl , r = sl + 1. Clearly n > 2
and so the number n = r − 1 is even. This implies that s = 2. By (d), H = V and so also
q − 1 is even. Therefore H/A ⊆ Sp(2l,2) ⊆ GL(2l,2). By Lemma 2.4, and our previous
considerations we conclude that the order of H/A divides 2l(22l − 1). However, the cen-
tralizer of an element of order r = 2l + 1 in a group Sp(2l,2) has order 2l + 1 (see [14,
pp. 875–877]). Hence the order of a maximal soluble subgroup of a group Sp(2l,2), whose
order is divisible by r divides 2l(2l + 1). The lemma is proved. 
Lemma 2.6. Let n > 2, q = pm and r be a primitive prime with respect to the pair
{p, (n − 1)m}. If H is a maximal soluble subgroup of a group L = GL(n, q) whose or-
der is divisible by r , then one of the following holds:
(1) |H | = n(qn − 1), where n = r and q = p;
(2) |H | divides 2n2(n+ 1)(q − 1)l, where n = 2l , r = n+ 1 and p = q is a prime;
(3) |H | = (n− 1)(q − 1)qn−1(qn−1 − 1);
(4) |H | = (q − 1)2qn−12(n − 1)2n log2(n − 1). Moreover, in this case n = r , n − 1 is a
power of 2 and q = p > 2.
Proof. Let W be a natural GF(q)L-module. If H is reducible, then W = W1 ⊕W2, where
0 	= W1 = WH1 	= W . By the choice of r we have dimW1 ∈ {1, n − 1}. Using Lemma 2.5,
we can see that one of the assertions (3) or (4) of Lemma 2.6 is true.
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H K S = G, the wreath product of an irreducible primitive subgroup K GL(k, q) and
a soluble subgroup S of the symmetric group of degree l > 1, where n = kl. By Lemma 2.1,
we have r  (n− 1)m+ 1 n > k. In this case the order of G is not divisible by r .
Therefore, we may assume that the case (3) of Lemma 2.4 holds. Now H has a chain of
normal subgroups 1 < F  A V H such that |H/V | k, |F | = qk − 1, k divides n,
|A/F | = (nk−1)2 and V/A  Aut(A/F). Here we have also that r does not divide |F |
or |A/F |. The last assertion is true because π(A/F) ⊆ π(q − 1). Hence either k = n and
|F | = qn − 1, or r divides |Sp(2l, s)| for some prime divisor s of nk−1 such that sl divides
nk−1.
Suppose first that k = n. By Lemma 2.5, we have that |H | = n(qn − 1). Since r does
not divide qn − 1, we have that r | n. In this case r | pr−1 − 1 by Fermat’s theorem. Hence
we have m = 1, n = r and p = q .
Now we may consider the case when r divides the order of Sp(2l, s) for some s and
l dividing n. Since the greatest prime divisor of this number does not exceeds sl + 1, we
have that r  n + 1 sl + 1. So it follows that r = sl + 1 = n + 1. In this case s is even
number and hence s = 2. Moreover, n = 2l and V/A is isomorphic to a soluble subgroup
of Sp(2l,2) containing an element of order r = 2l + 1. Since Sp(2l,2) is a subgroup of
GL(2l,2) it follows from Lemma 2.5 that the order of V/A divides 2l(22l − 1). As in the
previous lemma, we have using [14] that |V/A| divides 2lr = 2l(2l + 1). Note that in such
case n = 2l so that H = V , k = 1. Now the lemma is proved. 
The following lemma is due to N. Itô [6, p. 509].
Lemma 2.7. Let H be a soluble subgroup of the group GL(n, q) whose order is coprime
to q and let p be a prime such that p > n. Then a Sylow p-subgroup of H is normal in H
unless n = p − 1 is a power of 2.
The following notation will remain fixed until the end of this section. Let q = pm, p
is a prime, r is a prime divisor of q2n − 1 which is primitive with respect to the pair
{p,2nm} for groups N which are isomorphic to one of the following groups: PSU(n, q2)
or PSU(n+ 1, q2) where n 3 is odd; PSp(2n,q) with n 2; PΩ(2n+ 1, q) with n 3
and q odd; PΩ−(2n,q) for n 4); PΩ+(2n+ 2, q) with n 3.
We will describe the orders of maximal soluble subgroups of these simple group N
containing an element of prime order r , where r is primitive with respect to the pair
{p,2mn} 	= {2,6}.
Lemma 2.8. Let H be a maximal soluble subgroup of a simple group N defined as above
containing an element of order r . Then one of the following conditions holds:
(1) |H | divides n(qn + 1) if N  PSU(n, q2) or PSU(n+ 1, q2);
(2) |H | divides 2n(qn + 1) or |H | divides 16n2(q − 1)r log2(2n) (in the last case q = p,
r = 2n+ 1 and n is a power of 2) if N  PSp(2n,q), PΩ(2n+ 1, q) or PΩ−(2n,q);
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and π(H) ⊆ π(q2 − 1) ∪ {r,2} ∪ π(log2(2n)) or n + 1 is a power of two, π(H) ⊆
π(q − 1)∪ π(log2(2n+ 2))∪ {2, r} if N  PΩ+(2n+ 2, q).
Proof. (i) Let N = GU(k, q2) with k = n for odd k and k = n + 1 for even k. There is a
natural embedding of the group N into the general linear group L = GL(k, q2) over the
field GF(q2). Hence it is enough to find the order of a maximal soluble subgroup H of the
group SL(k, q2) containing an element of order r and divide it by |H ∩Z(SU(k, q2))|.
Suppose that k = n is an odd number. Since the order of the field GF(q2) is not a prime,
we have by Lemma 2.5 that |H | divides k(q2k − 1). On the other hand, the centralizer of
an element of order r (dividing qk + 1) is of order qk + 1 (see [14]). Hence |H | divides
k(qk + 1) as asserted.
Suppose that k = n + 1 is an even number. It follows from Lemma 2.6 that a maximal
soluble subgroup H of the group L containing element of order r has a non-trivial invariant
submodule W of a natural L-module V with dimension or codimension one. It is well
known that dimF W⊥ = dimF V −dimF W . Here W⊥ = {u ∈ V | (u, v) = 0 for all v ∈ W }.
Suppose that W⊥ W . Since WH = W , it follows that W⊥H = W⊥. Hence the ele-
ment of order r in H induces a non-trivial transformation on W/W⊥, which is impossible
by its choice. By the same reason W  W⊥. Hence W ∩ W⊥ = 0 in each case and
V = W ⊕ W⊥. It follows that the restrictions of H on W and W⊥ are unitary groups
with dimensions n and 1, respectively. Since the order of the center of a group GU(k, q2)
is q + 1, we obtain the desired conclusion.
(ii) Consider first the cases N  PSp(2n,q) and N  PΩ−(2n,q). It is well known
that the group GL(2n,q) has a subgroup L isomorphic to Sp(2n,q) and L1 isomorphic to
SO−(2n,q). It follows from Lemma 2.5 that the order of a maximal soluble subgroup H of
the group GL(2n,q) divides either 2n(q2n − 1) or 2(2n)2(q − 1)(2n+ 1) log2(2n). In the
last case q = p > 2, r = 2n + 1 and 2n is a power of 2. Moreover, it is clear that we may
choose H so that H  L or H  L1, respectively. Since N  (L/Z(L))′ or (L1/Z(L1))′,
the order of the corresponding subgroup H of N divides one of the above numbers.
In the case when |H | divides 2n(q2n − 1) the subgroup of order r is normal in H . On
the other hand, the centralizer of an element of order r in N is a Singer subgroup (normal
in H ) of the corresponding group (L or L1) which has order qn + 1 (see [14]). Hence the
order of H , which is a homomorphic image of H in N , divides 2n(qn + 1) as asserted.
The remaining case (when n is a power of two) also gives needed conclusion.
Consider now the case N  PΩ(2n + 1, q) (n 3, q is odd). Let L = GL(2n + 1, q)
and V be its natural GF(q)L-module. We may regard the group SO(2n + 1, q) = M as a
subgroup of L. It follows from Lemma 2.6 that the soluble subgroup H of M  L con-
taining an element of order r must have a proper submodule W of V of a dimension or
codimension one. Since M preserves a symmetric bilinear form ( , ), it follows that the sub-
space W⊥ of V is also H -invariant, hence it is a submodule of V . The minimal dimension
of a module on which a group of order r acts non-trivially is 2n. Hence W ∩W⊥ = 0 and
V = W ⊕ W⊥. Therefore, we may suppose that dimW > dimW⊥ = 1 and the restriction
of H on W is a subgroup of order divisible by r . It follows from Lemma 2.5 that the order
of G  (H ∩M ′)/(H ∩Z(M)) is as asserted. The additional factor 2 in the expression of
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is proved.
(iii) Let L = GL(2n + 2, q) and V be its natural GF(q)L-module. We may regard the
group SO(2n+2, q) = M as a subgroup of L. It follows from Lemma 2.6 that if the soluble
subgroup H of M  L containing an element of order r has a proper submodule W of V ,
then its dimension or codimension is one or two. We assert that in such case the subgroup
H has a submodule of dimension 2n. If not, then the dimension of W is one or 2n + 1.
Since H preserves the bilinear form ( , ), the orthogonal subspace W⊥ is also H -invariant
and in each case we may assume that H has a submodule W with dimW = 2n + 1. By
Lemma 2.6, we have that H has a submodule U of W of dimension 2n. Hence, in each
case there exists an H -submodule U of V with dimension 2n. Clearly, its orthogonal U⊥
is also H -submodule and dimU⊥ = 2. In this case an element of order r in H acts trivially
on U⊥. Since the minimal non-trivial module for an element of order r has dimension 2n
by its choice we get U ∩U⊥ = 0. Thus V = U ⊕U⊥ and H induces an orthogonal soluble
group on both submodules. Moreover, we have that the restriction of H on U is a subgroup
of SO−(2n,q) and the restriction of H on U⊥ is a subgroup of SO±(2, q). It follows from
(ii) that the order of H divides 2n(qn + 1)(q + 1) or 8n2(q2 − 1)(2n+ 1) log2(2n). In the
last case n is a power of 2, r = 2n+ 1 and q = p.
Now suppose that H is an irreducible subgroup of a group L. If H is a primitive irre-
ducible subgroup of L, then there is a chain 1  F  A  V  H of normal subgroups
of H where |F | = qk − 1 for some divisor k of 2n + 2, |A/F | = d2 where dk = n + 2,
|H/V |  k and V/A is a soluble subgroup of the direct product of groups isomorphic
to Sp(2l, s) for some prime divisors s of d such that sl | d . As in all previous situations
we have r  2n + 1. Thus r does not divide |H/V ||A|. Hence r divides the order of
Sp(2l, s) = S for some number sl | (2n + 1). It follows from the decomposition of order
of S that r | (s2l − 1). Since sl  2n + 2  r + 1, it follows that sl = 2n + 2 = 2l , k = 1
and r = 2l − 1 = 2n + 1 or r = 2l + 1 = 2n+ 3. The last possibility does not occur since
r divides q2n − 1 and the gcd(q2n − 1, q2n+2 − 1) = q2 − 1. But the subgroup of order
r = 2l − 1 of the group Sp(2l,2) is self centralizing and its normalizer in this group has
the order 2lr , which is checked by direct calculations. Therefore, we have |H | divides
(q − 1)(2n+ 2)22l(2n+ 1) and this gives the needed conclusion.
It remains to consider the imprimitive case when H is a subgroup of the group K T with
a primitive irreducible soluble subgroup K of the group GL(k, q), where k | (2n + 2) and
T a soluble transitive subgroup of the symmetric group Sd of degree d with dk = 2n+ 2.
Clearly, r cannot divide |K|. Hence r divides |T |. Since r  2n+1, we see that r = 2n+1
and T is a soluble transitive subgroup of the symmetric group of degree r + 1 containing
cycle of degree r . It follows from the known results from [15] that |T | divides 2l(2l − 1)l,
r = 2l − 1 = 2n + 1, 2n + 2 is a power of two. Here we have |K| = q − 1 and this also
gives the needed conclusion. The lemma is proved. 
3. Proof of Theorem 1.1
Let N be a simple classical group defined as in the previous section and q = pm, n be as
defined before Lemma 2.8. Assume there is a prime divisor r of qn − 1 which is primitive
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of q2n − 1 which is primitive with respect to the pair {p,2mn} for all other cases. Let s be
a prime divisor of qn−1 − 1 which is primitive with respect to the pair {p,m(n − 1)} for
the linear group N or Un(q) for odd n, s be a prime divisor of qn+1 − 1 which is primitive
with respect to the pair {p,m(n+ 1)} for N = Un+1(q) (n is odd) and s be a prime divisor
of q2n−2 − 1 which is primitive with respect to the pair {p,2m(n− 1)} for all other cases.
Lemma 2.1 implies, that r always exists unless n = 2 and N = L2(q) or n = 3, N =
L3(4), N = U3(2), Ω+8 (2) or Ω7(2). Observe that these groups are not counterexample
for Theorem 1.1 (see [3]). If N = L2(q) and q + 1 has at least one prime divisor r distinct
from 3 and 2, then it follows from Dickson’s Theorem [5], that there is no edge (p, r)
in the graph Γsol(N). On the other hand, the largest common divisor of q − 1 and q + 1
divides 2. It follows from Lemma 2.1 and Dickson’s Theorem [5], that the restrictions on
q are as in Theorem 1.1. Hence we may assume that the number r defined above always
exists, and N is not isomorphic to L2(q).
Observe that the prime s which is primitive with respect to the pair {p,2m(n − 1)}
always exists, provided that N is not isomorphic to L3(p), U3(p), or PSp4(p) for some
prime p (here we may define s as the largest prime dividing p2 − 1) or one of the follow-
ing “small” groups L4(4), L3(4), PSp6(2)  Ω7(2), PSp8(2)  Ω7(2), U4(2)  PSp4(3),
Ω±8 (2). It is easy to see that these “small” groups are no counterexamples for Theorem 1.1.
It follows from our previous considerations that the following information concerning
the graph Γ = Γsol(N) for the classical simple group N defined over the field of charac-
teristic p can be extracted.
Lemma 3.1. Let N be a classical simple group defined as in the preceding section, which
is not isomorphic to L2(q), or to a “small” group in the above sense. Let the primes r , s
be as above and assume that N is not one of the groups in Theorem 1.1. The subgraph of
the graph Γ on the vertices p, r, s has no edge (p, r) with p, r  5 or (s, r) with s, r  5,
provided that N is not Ls(q) or Us(q) for q ∈ {2,3}.
Proof. It follows from the previous discussion that the primes r and s are defined for all
groups under consideration. On the other hand, since the group L2(q) does not occur, we
obtain r  5 by Lemma 2.1.
Observe first that Lemmas 2.8 and 2.5 imply that the vertices r and p are joined in Γ if
and only if p | n. The vertices r and s are joined in Γ if and only if s | n.
Suppose that s  3. By the choice of s and Lemma 2.1, the group N is isomorphic either
to L3(p), U3(p) or to PSp4(p). If p  5, then by the preceding argument the graph Γ has
no edge (p, r) and we are done. Hence p = 3 or p = 2. In this case N is either one of the
groups in Theorem 1.1, or is a “small” group, a contradiction.
Now assume that r, s  5. Suppose that the vertices r and s are joined in Γ . By Lem-
mas 2.8 and 2.5 and the choice of s, we have s  2n − 1 if N is not isomorphic to Ls(q)
or Us(q). By Lemma 2.1, s ≡ 1 modm(n − 1). Thus s  2(n − 1) + 1 does not divide n.
Hence N = Ls(q) or Us(q) with p = q . Clearly, s and p are coprime. Hence the vertices
p and r are not joined in Γ . Therefore p ∈ {2,3}.
The lemma is proved. 
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the cases N  Ls(q) and Us(q) for q ∈ {2,3} and prime s. Note, that s  5. Take s1
as a prime divisor of qs−2 − 1 which is primitive with respect to the pair {q, s − 2} for
N  Ls(q) and s1 is a prime divisor of qs−2 + 1 which is primitive with respect to the pair
{q,2(s − 2)} otherwise. It follows, that s1  s − 1 4 by Lemma 2.1 and there is no edge
(r, s1) in Γ . Thus the theorem is proved for classical groups. Consider now the cases of
the alternating and sporadic simple groups. Let N be an alternating group of degree n 5.
By Lemma 2.2, there are at least two primes r, s such that n/2 s < r  n provided that
n 18. If n 17, then we may take a pair (s, r) as follows:
(s, r) = (11,13) for 13 n 17;
(s, r) = (7,11) for 11 n 12;
(s, r) = (5,7) for 7 n 10.
If the graph Γsol(N) contains an edge (s, r) with these properties, then there exists a sub-
group H of N of order rs. By Sylow’s Theorem, it is abelian if r 	≡ 1 (mod s). In our case
r ≡ 1 (mod s) only if r − 1 = s which holds for s = 2, r = 3. Thus we obtain the following
lemma.
Lemma 3.2. If N is an alternating group of degree n 7, then the graph Γsol(N) has no
edge (s, r) for some primes r, s ∈ π(N) with r, s  5.
The following lemma is an easy consequence of [7,11,17].
Lemma 3.3. If N is a sporadic simple group whose graph Γsol(N) has an edge (s, r) for
all primes r, s ∈ π(N) with r, s  5, then N  M11 or M12.
If N is a finite simple group of Lie type defined over the field F = GF(q) such that
N ∈ {En(q)(6 n 8); 2E6(q); G2(q); 2G2(q)(q = 32m+1); 2B2(q)(q = 22m+1); F4(q);
2F4(q)′(q = 22m+1); 3D4(q)}, then it follows from [1] that there exists a pair of primes
(r, s) in π(N) such that r, s  5 and they are not joined in Γ (N) (see [1, pp. 402–404]).
Thus there is no counterexample for Theorem 1.1. The theorem is proved. 
4. Proof of Theorem 1.3
Let G be a classical finite simple group over the field F of characteristic p as defined
in Section 2. If G = L2(q) a direct calculation based on Dickson’s Theorem (see [5])
shows that the theorem is true. Let s be the largest prime divisor of order of G. Choose a
prime divisor r of qn − 1 which is primitive with respect to the pair {p,mn} if G = Ln(q)
(n 3) and a prime divisor of q2n − 1 which is primitive with respect to the pair {p,2mn}
in all other cases. Recall that the remaining groups to be considered are as follows:
Un(q),Un+1(q) where n  3 and odd; PSp2n(q) with n  2; PΩ−2n(q) with n  4 and q
is odd; PΩ+ (q) for n 3; PΩ2n+1(q) for n 3). Note that in each case s  r  n+ 12n+2
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s > p divides
(i) (qn − 1)/(q − 1) if G = Ln(q);
(ii) (qn + 1) if N = Un(q) or Un+1(q) (n 3 is odd);
(iii) (qn + 1) if G = PSp2n(q), PΩ2n+1(q) or PΩ−2n(q);
(iv) (qn + 1) if G = PΩ+2n+2(q).
Suppose that G = Ln(q). It follows from the above, that s | qn − 1. Since s is joined with
the prime d which is a primitive divisor of qn−1 − 1 with respect to the pair {p, (n− 1)m},
we have by Lemma 2.6 that s divides qn−1 − 1 or d = n, q = p. If s is a primitive divisor
of qn −1 with respect to the pair {p,mn}, then we are done as in the proof of Theorem 1.1.
Otherwise s | qj −1 for some j < d . Now s divides the greatest common divisor of pd −1
and pj − 1, which is clearly p − 1. Thus we may assume that s divides q − 1. Note that
the order of a maximal soluble subgroup of Ln(q) whose order is divisible by r divides
(qn−1)/(q−1) = qn−1 +qn−2 +· · ·+q+1. Since q ≡ 1 (mod s) we have n ≡ 0 (mod s),
which is not the case. Hence G is not isomorphic to Ln(q).
Let G = Un(q) or Un+1(q), where n  3 is odd. Here s divides qn + 1. If n = 3,
s | (q + 1), and G = U3(q), then order of the maximal soluble subgroup of G whose order
is divisible by r , divides 3(q2 −q +1). Since this is coprime to s, the graph Γsol(G) has no
edge (r, s). Hence we may assume that in this case r = s is a prime divisor of q2 − q + 1,
which is primitive with respect to the pair {p,6m}. This case leads to a contradiction as in
the proof of Theorem 1.1. Hence we may suppose that G 	= U3(q) and there exists a prime
divisor d of qn−1 − 1 primitive with respect to the pair {p, (n− 1)m} for G = Un(q) and d
is a prime divisor of qn+1 − 1 which is primitive with respect to the pair {p, (n+ 1)m} for
G = Un+1(q). It follows as above that s | (q + 1). However, s does not divide the order of
maximal soluble subgroup of G containing an element of order r if G = Un(q) and does
not divide the order of the maximal soluble subgroup of G containing an element of order
d if G = Un+1(q) (of order (n+ 1)(qn+1 − 1)/(q + 1)(n+ 1, q + 1)).
Consider the case G = PSp2n(q), PΩ2n+1(q) or PΩ−2n(q). Here s | (qn + 1) or q − 1
(for the case when n is a power of two, p = q and r = 2n−1). If n 3, then choose a prime
divisor d of qn − 1 which is primitive with respect to the pair {p,mn} for G 	= PΩ−2n(q)
and a prime divisor of q2n−2 − 1 which is primitive with respect to the pair {p, (2n− 2)m}
otherwise. It follows from Lemma 2.1 that d  nm + 1 or d  2(n − 2)m + 1, respec-
tively. By Lemma 2.7, the order of the normalizer of the cyclic subgroup of order d
in the corresponding group is divisible by s. But s  d , so this not the case. If n = 2,
then G = PSp4(q) or PΩ5(q) because the other groups are covered by the previous con-
siderations. If p  3, then there is no edge (p, s) in the graph Γsol(G). Hence p = 2
and by the known isomorphisms (see [12, p. 18]) G = PSp4(2m). In this case each
prime divisor of q2 + 1 is primitive with respect to the pair {2,4m} and we may apply
Lemma 3.1.
Now consider the group G = PΩ+2n+2(q), n 3. By Lemma 2.5, it is easy to prove that
there exists a cyclic subgroup C in G of order (qn+1 −1)/(4, qn+1 −1) and the normalizer
of a subgroup of G of a prime order d | qn+1 − 1, which is primitive with respect to the
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there is an element of order ds in G, provided that m> 1. Since s | qn +1 and is the largest
prime divisor of the order of G, this gives a contradiction. Now we have m = 1, p = q .
Suppose that s is not primitive with respect to the pair {p,2n}. Then s divides p2i − 1
for some i < n. Since s is the largest prime divisor of order of G and there is a prime
r  2n+ 1 dividing |G|, we have s  2n+ 1. Hence there is a soluble subgroup H of the
group GL(2n + 2,p) such that s, d ∈ π(H). This is a contradiction by Lemma 2.4. If s is
primitive then we get a contradiction by Lemma 3.1.
Lemma 4.1. If G is an alternating group of degree n  7, 2F4(2)′ or a sporadic simple
group, then the graph Γsol(N) has no edge (s, r) for some primes r, s ∈ π(N), where r is
the largest prime divisor of its order.
Proof. This follows from [3] and Lemma 3.2. 
It remains to consider the graphs of the exceptional groups of Lie type. It follows
from [2] that Z(Γsol(G)) = 2 if G =3 D4(q) or 2B2(q). Hence only the following groups
have to be considered: G2(q), 2G2(q), F4(q), 2F4(q), En(q)(6 n 8) or 2E6(q). It fol-
lows from Tables 2 and 3 in [1] that in each of these cases there are two cyclic subgroups
Hi (i = 1,2) with the following properties (see also [1, p. 404]):
(P1) Hi contains a non-trivial cyclic Hall subgroups H 0i of G such that π(H1) ∩
π(H 02 ) = ∅ and π(H 01 )∩ π(H2) = ∅;
(P2) CG(x) = Hi for each x ∈ (H 0i ) \ {1};
(P3) (|NG(H 01 ) : H1|, |H2|) = 1 = (|NG(H 02 ) : H2|, |H1|) = 1;
(P4) H 0i is a T.I.-set of G.
It follows that the primes r1 ∈ π(H 01 ) and r2 ∈ π(H 02 ) are not joined.
If G = G2(q), then |H1| = q2 − eq + 1, |H2| = (q2 + eq + 1)/3 if q ≡ e (mod 3),
e = ±1 and |H1| = q2 +q+1, |H2| = (q2 −q+1)/3 if q ≡ 0 (mod 3) (note that this part of
Table 3 in [1] has a misprint). Therefore the prime s dividing |G| such that s ∈ Z(Γsol(G))
divides p(q2 − 1). Observe that if p  7, then p is not in the center of Γsol(G). Thus we
may suppose that s divides q2 − 1. The order of G is q6(q6 − 1)(q2 − 1). Observe that
it follows from [10] that the Sylow s-subgroups of the group G ⊆ 3D4(q) are abelian and
have rank 2. Let M1 be a smallest {s, r1}-subgroup of G for r1 ∈ π(H 01 ). By [17] and [11],
H 01 = H1 is a strongly isolated subgroup of G. Hence M1 is a Frobenius group with a
Frobenius complement of order r1. In particular, r1 divides s2 − 1. Let U be the kernel
of this subgroup. By the same reason there exists a subgroup M2 of order s2r2 with an
elementary abelian kernel of order s2. Since the Sylow s-subgroups are conjugate, there is
a subgroup of G whose order is divisible by s2r1r2, containing subgroups isomorphic to
M1 and to M2. By [10], this is not the case. Hence the group G2(q) is not a counterexample
for Theorem 1.3. Since 2G2(q) is a subgroup of G2(q) (where q is a power of 3) it is not
a counterexample.
Observe that there exists the following useful embedding (see [12, p. 37]):
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−
26(q), p 	= 3 and F4(q) <Ω25(q), p = 3;
E6(q) < L27(q),
2E6(q) < U27(q);
E7(q) < PSp56(q);
E8(q) < PΩ
+
248(q).
Define a number r as follows:
• let r be a prime divisor of q10 − q5 + 1 which is primitive related to the pair {p,30m}
for G = E8(q);
• let r be a prime divisor of q6 − q3 + 1 which is primitive related to the pair {p,18m}
for G = E7(q);
• let r be a prime divisor of q4 − q2 + 1 which is primitive related to the pair {p,12m}
for G = E6(q);
• let r be a prime divisor of q6 + q3 + 1 which is primitive related to the pair {p,18m}
for G =2 E6(q);
• let r be a prime divisor of q4 − q2 + 1 which is primitive related to the pair {p,12m}
for G = F4(q).
An inspection of the maximal parabolic subgroups of the corresponding groups shows
that there is no p-local subgroups in G whose order is divisible by r for each choice of G.
For the calculations of the orders of the maximal parabolic subgroups of groups of Lie type
see [4]. On the other hand, the order of the normalizer of a Sylow r-subgroup is coprime to
p unless p  5. Thus the vertices r and p are not joined in the graph Γsol(G) for p  7. In
the sequel H is an {r, s}-subgroup of G. We will reduce the general case to the situation,
when the order of H is rs.
Let G = E7(q), q = pm. It follows from Lemma 2.1 that r−1 = 18lm for some positive
integer l. If m 2, then r > 56. By Lemma 2.7, the Sylow r-subgroup of an {r, s}-group
H must be normal in H . By the same reason a Sylow s-subgroup is also normal in H .
Hence there is an element of order sr in G which is impossible by the above arguments.
Suppose that m = 2. Then l = 1, r = 37.
Since G < PSp56(q) it follows that GL56(q) has some {s, r}-subgroup M such that its
image in G is H . Let X be an irreducible soluble subgroup of the group GL(d, q) (d  56)
such that rs divide |X|. By Lemma 2.4, either |X| divides (qk − 1)(d/k)2f t , where f is
the order of a soluble subgroup of a direct product of groups isomorphic to Sp(2li , si) with
the property sl11 s
l2
2 · · · slnn = n/d , t  k or X is an imprimitive group whose order divides
the order of the wreath product K  S, where K is a primitive maximal soluble subgroup
of GL(k, q) and S is a soluble transitive subgroup of a symmetric group Sd/k . We may
assume also that the Sylow r-subgroup of X is not normal in X. Since r divides one of the
above factors, the following possibilities have to be considered:
(i) r divides the order of some group Sp(2li , si) which is defined as above or the number
t  d/k and X is a subgroup of a primitive soluble subgroup of GL(d, q);
(ii) r divides the order of a maximal transitive subgroup of a symmetric group Sd/k .
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37 = r  d/k + 1. This implies that k = 1 because d  56. It is easy to see that this is
impossible.
Consider now case (ii). Recall that m = 2. Then 37 = r  d/k+1, so that k = 1, d  56
and X is an imprimitive group whose order divides the order of the wreath product K wr S,
where K is a primitive maximal soluble subgroup of GL(1, q) (hence its order is q − 1)
and S is a soluble transitive subgroup of a symmetric group Sd , whose order is divisible by
37 = r . It is easy to see that in this case there is no prime s > r , dividing the order of S.
Hence s | q − 1 = p2 − 1 = (p − 1)(p + 1). If p is odd, then each prime divisor of both
the above factors is less than p. Hence s = p  37 and there is no edge (r,p) in the graph
Γsol(G). If p = 2, then s = 22 + 1 = 5 < 37, a contradiction.
Let m = 1, i.e., q = p. Since s  p, it divides one of the factors q18 − 1, q14 − 1,
q12 − 1, q10 − 1, q6 − 1 and does not divide q2 − 1. Note that there is a prime r  19
dividing q18 − 1. Hence s  19. The above arguments applied to this situation show that
s  56. Hence q = p < 56. Let H1 and H2 are as in Table 3 of [1]. Then |H1| = (q6 +
q3 + 1)(q + 1), |H2| = (q6 − q3 + 1)(q − 1) and |NG(H1) : H1| = 18 = |NG(H2) : H2|.
Moreover, each prime dividing a = q6 + q3 + 1, which is larger than 3 is primitive to the
pair {q,9} and has the form 9l + 1, each prime dividing b = q6 − q3 + 1, which is larger
than 3 is primitive related to the pair {q,18} and has the form 18l + 1. It is enough to
prove that for p  56 there exists a prime divisor of a or b which is larger than 56. The
only possibility that can occur is that each prime divisor of a is either 3 or 19 and each
prime divisor of b is either 3 or 37. The direct calculation modulo 19 shows that there is a
unique solution q modulo 19, which gives a solution of b ≡ 0 (mod 37) for q  56. This is
a contradiction.
Let G = E6(q), q = pm. Clearly, s 	= p. It follows from Lemma 2.1 that r − 1 = 12lm
for some positive integer l. If m 1, then r  37. Since G>L27(q), Lemma 2.7 implies
that the Sylow r-subgroup of an {r, s}-group H must be normal in H . By the same reason
a Sylow s-subgroup is also normal in H . Hence there is an element of order sr in G which
is impossible as above.
The cases G = 2E6(q), F4(q) and 2F4(q) are treated similarly.
Thus it remains to consider only the case G = E8(q). It follows from Lemma 2.1 that
r = 30ml+1 for some positive integer l. If m 5, then r > 248 and the Sylow r-subgroup
of an {s, r}-subgroup H of G is normal in H by Lemma 2.2. On the other hand, s  r and
by the same reason a Sylow s-subgroup of H is normal in H . Thus either s = r or there is
an element of order rs in G. Both possibilities are excluded by inspecting Table 2 in [1].
Hence m  4. Since G < PΩ248(q), it follows that GL248(q) has some {s, r}-subgroup
M such that its image in G is H . The group E8(q) has at least four components for
the Gruenberg–Kegel graph Γ (G) (see [7,11,17]). Let π2, π3, π4 be the components of
this graph, not contained in the component containing {2}. Choose primes ri ∈ πi for
i = 2,3,4. Since the πi -Hall subgroups of G are strongly isolated, the soluble {s, ri}-
subgroups Hi of G are s-closed (clearly, s ∈ π1). They are a Frobenius groups. Moreover,
it is not difficult to see that in this case there exists a Sylow s-subgroup S such that r2r3r4
divides the order of T = NG(S)/(SCG(S)). In this case the Gruenberg–Kegel graph of the
group NG(S)/(SCG(S)) has at least 3 components. Moreover, by Theorem A and Propo-
sition 1 of [17], T is either a simple group with four components or an extension of a
72 B. Amberg et al. / Journal of Algebra 285 (2005) 58–72simple group with four components by a π1-group. It is easy to see that the rank of S
does not exceed 8. Hence the group T can be embedded in GL8(S). It follows from the
characterization of simple groups with four components (see above references), that only
simple groups of type E8(q) can have this property. But the group E8(q) has no faithful
representation of degree 8 [12]. This contradiction proves the theorem.
Acknowledgments
This paper was completed while the second and third authors were visiting the Univer-
sity of Mainz, they are grateful to the Department of Mathematics for its warm hospitality
while this investigation was carried out. The second author gratefully acknowledges finan-
cial support by DAAD and FONDECYT Grant no. 1011039. The third author thanks the
Deutsche Forschungsgemeinschaft for financial support.
References
[1] B. Abe, N. Iiyory, A generalization of prime graphs of finite groups, Hokkaido Math. J. 29 (2000) 391–407.
[2] B. Abe, A characterization of some finite simple groups by orders of their solvable subgroups, Hokkaido
Math. J. 31 (2002) 349–361.
[3] J. Conway, R.T. Curtis, S. Norton, R. Parker, R. Wilson, Atlas of Finite Groups, Clarendon, Oxford, 1985.
[4] C.W. Curtis, W.M. Kantor, G.M. Seitz, The 2-transitive permutation representations of the finite Chevalley
groups, Trans. Amer. Math. Soc. 218 (1976) 1–59.
[5] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin, 1967.
[6] B. Huppert, N. Blackburn, Finite Groups III, Springer-Verlag, Berlin, 1982.
[7] N. Iiyory, H. Yamaki, Prime graph components of the simple groups of Lie type of even characteristic,
J. Algebra 155 (1993) 335–343.
[8] N. Iiyory, p-Solvability and a generalization of prime graphs of finite groups, Comm. Algebra 30 (2002)
1679–1691.
[9] L.S. Kazarin, Groups which are the product of two solvable subgroups, Comm. Algebra 14 (1986) 1001–
1066.
[10] P.B. Kleidman, The maximal subgroups of the Steinberg triality groups 3D4(q) and their automorphism
groups, J. Algebra 115 (1988) 182–199.
[11] A.S. Kondrat’ev, Prime graph components of finite simple groups, Math. USSR Sb. 67 (1990) 235–247.
[12] M.W. Liebeck, C.E. Praeger, J. Saxl, The maximal factorizations of the finite simple groups and their auto-
morphism group, Mem. Amer. Math. Soc. 86 (1990).
[13] P.P. Palfy, A polynomial bound for the orders of primitive solvable groups, J. Algebra 3 (1980) 265–284.
[14] G.M. Seitz, On the subgroup structure of classical groups, Comm. Algebra 10 (1982) 875–885.
[15] D.A. Suprunenko, Matrix Groups, Nauka, Moscow, 1972.
[16] J. Wiegold, A.G. Williamson, The factorization of the alternating and symmetric groups, Math. Z. 175 (1980)
171–179.
[17] J.S. Williams, Prime graph components of finite groups, J. Algebra 69 (1981) 487–513.
[18] K. Zsigmondy, Zur Theorie der Potenzreste, Monatsch. Math. Phys. 3 (1892) 265–284.
